Correlated nonresponse within clusters arises in certain survey settings. It is represented by a random effects model and assumed to be cluster-specific nonignorable, in the sense that survey and nonresponse outcomes are conditionally independent given cluster-level random effects. Two basic forms of inverse probability weights are considered: response propensity weights based on a marginal model, and weights based on predicted random effects. It is shown that both approaches can lead to biased estimation under cluster-specific nonignorable nonresponse, when the cluster sample sizes are small. We propose a new form of weighted estimator based upon conditional logistic regression, which can avoid this bias. An associated estimator of variance and an extension to observational studies with clustered treatment assignment are also described. Properties of the alternative estimators are illustrated in a small simulation study.
Introduction
Survey weighting is widely used to correct for the potential biasing impact of nonresponse [12, 13, 18 ]. An important tool in the construction of survey weights is inverse probability weighting, defined here as weighting by the reciprocal of a response probability, estimated under a model. Such weights may be combined with sampling weights for an integrated treatment of nonresponse and sampling. They may also be combined with model-based predictors of a survey variable to improve efficiency [4, 9] . Such combined estimators may be doubly robust in the sense that consistent estimation can be achieved in a modelling framework if either the response model or the model for the survey variable is correct [2, 9] .
Most discussions of inverse probability weighting (e.g. 3) assume that responses for different units are independent. It is not uncommon in surveys, however, for nonresponse to be correlated within clusters. Access of interviewers to respondents in some surveys is dependent on authorities at a cluster level, for example in surveys of employees within a firm, and response for individuals within such a cluster may be influenced by the extent to which the authorities encourage participation, inducing correlation. In other surveys, nonresponse may display intra-cluster correlation simply because of heterogeneity between clusters used for multistage sampling. This paper investigates how to construct inverse probability weights, when response is clustered and cluster membership is observed for both responding and nonresponding units, as is the case when the clusters define a stage in a multi-stage sampling design. One established approach is to use such design clusters or homogeneous sets of clusters as weighting adjustment cells [12] , where the implicit model is that response probabilities vary just by cell and may be estimated by cell-level response rates. We consider the more general setting when auxiliary information at the sample level may include other variables in addition to cluster membership. A natural model for nonresponse, given such auxiliary information, is a multilevel model (e.g., 6 ), where clustered nonresponse is captured via random effect terms. Our interest is in how to construct inverse probability weights based on such models. Some methods to correct for nonresponse bias in a clustered survey were proposed by (author?) [22] . These methods were based on a random effects model for the survey variable and thus fall outside the class of weighting methods we consider. We refer briefly to the relation between these different approaches in §7. We make use of the concept of cluster-specific nonignorable nonresponse introduced by (author?) [22] to describe the case when nonresponse may depend on unobserved cluster random effects which may be correlated with the survey variables. This condition is weaker than the usual missing at random condition, which is conventionally assumed if inverse probability weighting is to correct for bias [20, p.146] . A key aim of this paper is to construct weights which exploit the auxiliary information on cluster membership to correct for bias when nonresponse is cluster-specific non-ignorable, not just missing at random. The cluster-specific noninorable condition has also been discussed, at least implicitly, by (author?) [14, Example 6 .24], (author?) [19] and (author?) [23] .
Estimation and Modelling Framework
Let U = {(i, j) : i = 1, . . . , N, j = 1, . . . , M i } denote a finite population, with the jth unit in the ith cluster labelled (i, j). The population size is denoted
Suppose the objective is to estimate T y = (i,j)∈U y ij , where y ij is a generic survey variable of interest. Many other parameters may be expressed as a function of such totals and estimated by this function of the corresponding estimated totals.
by a probability sampling design from U , where the sample labels are ordered in this way without loss of generality. Suppose that π ij , the probability of selection of (i, j) under the sampling design, is known and non-zero for each
Let R ij denote the response indicator variable, which is defined for all units (i, j) ∈ U , irrespective of which sample s is selected, such that a sample unit responds when R ij = 1 and not if R ij = 0. Thus, nonresponse is stable in the terminology of (author?) [17] . Suppose that R ij , a 1 × k vector of auxiliary variables x ij and the cluster membership indicator i are observed for all units in s, but that y ij is only observed for sample units if R ij = 1.
Our primary focus will be on the inverse probability weighted estimator of T y given byT
where
ij is the design weight andq ij is a non-response weight, representing an inverse estimated response probability, to be discussed in §3. The estimator in (1) is called the two-phase nonresponse adjusted estimator in (author?) [18, equation (6. 3)].
We also considerT
whereT xs = (i,j)∈s
introduced by (author?) [4] and called the two-phase generalized regression estimator by (author?) [18, equation (6.4) ] and an augmented inverse probability weighted complete case estimator by (author?) [20, p.148] .
In order to construct the nonresponse weightsq ij and to assess the properties of the estimators of T y , we introduce a model framework ξ for the generation of the R ij and y ij . We assume that the distribution of (R ij , y ij )
implied by ξ does not depend on the sample outcome s. Sampling and nonresponse may thus be said to be unconfounded and sampling is noninformative with respect to y ij .
The basic parametric model we consider for R ij , unconditional on y ij , is
where the u i are independent random effects, h(·) is a specified inverse link function, such as the inverse logit function, the x ij are treated as fixed, and the k × 1 vector β and τ 2 are unknown parameters. The R ij are assumed mutually independent conditional on the u i .
We shall only consider estimation in the case when the number of respondents in each cluster, (3) with negligible probability.
In addition to the random effects model (3), we also consider the implied marginal model:
where g(x ij β) = E{h(x ij β + u i )} and the expectation is taken across the distribution of u i . This random effect will induce a correlation between R ij and R ik for j = k.
We consider two principal assumptions regarding the relation between R ij and y ij . Nonresponse is said to be missing at random if the R ij and y ij are pairwise independent. The mechanism is said to be clusterspecific nonignorable nonresponse, following (author?) [22] , if model (3) holds and the R ij and y ij are independent conditional on the u i , that is
To illustrate and motivate the cluster-specific nonignorable nonresponse assumption, suppose that y ij obeys a linear mixed effects model
where ν i and ij are random effects with zero means, such that the R ij are conditionally independent of the ν i and ij given the u i and, furthermore, u i is conditionally independent of the ij given the ν i . Then, when both models (3) and (5) hold, nonresponse is missing at random when u i and ν i are independent and cluster-specific nonignorable otherwise. The principal relevance of this paper is to cases when nonresponse is cluster-specific nonignorable but not missing at random. The key motivating application arises when both nonresponse and the survey variable exhibit clustering, which may be represented by the kind of joint cluster effect model for (R ij , y ij ) in (3) and (5), where the cluster effects u i and ν i display correlation after controlling for observable x ij . For example, when clustering is by geography, correlation between area-level response rates and area means of the survey variable may be induced by a common correlation with average area-level income which is not available as an x ij variable.
Construction of Nonresponse Weight
We now consider the construction of the weightq ij used in the estimators in (1) and (2), when model (3) holds. We first consider three basic options to serve as benchmarks for assessing the proposed option.
(i) Response propensity weights (13) : the inverse link function g(·) in the marginal probability pr(R ij = 1) in (4) is assumed known and the weights are One advantage of this approach compared to (ii) when h(·) is the inverse logit function is that it avoids numerical integration in the computation.
We shall present theoretical reasons in the next section why each of the above options may not correct adequately for bias from cluster-specific nonignorable nonresponse when the m i may be small. We now propose an alternative conditional logistic regression approach for this case, designed to remove the dependence of the weighting method on the random effects. The basic idea is to construct the weight as pr(
shown (e.g., 1, p.251) that when model (3) holds and h(·) is the inverse logit function, we have
where r ij denotes a possible value taken by R ij , r i = (r i1 , . . . , r im i ), r i+ = j r ij , B 1ij = {r i : r ij = 1, r i+ = R i+ } and B 2i = {r i : r i+ = R i+ }. The absence of the u i in (6) arises from the sufficiency of R i+ for u i . In practice, β is unknown and we propose to estimate it by conditional maximum likelihood.
We suppose that the first element of x ij is the intercept and write
T and x ij β = β 0 +x 1ij β 1 . The parameter β 0 cancels from (6) and we express the weight asq
is obtained by solving the conditional score equation given by
The conditional logistic approach is closer to the fixed effects than the random effects approach in the sense that, given β, the weights in cluster i depend only on the R ij in cluster i and they are not shrunk to a cluster average using outcomes from other clusters. In the special case when x ij = x i and we replace x ij β + u i by u i , since x i is effectively confounded with u i , both the conditional logistic and fixed effects weights reduce to m i /R i+ , the inverse response rate in cluster i, a traditional choice of weight with clustered survey data [22] . In the general case,û FE i is the solution of R i+ = j h(x ij β +û FE i ), for given β, and thus both sets of weights in cluster i may be viewed as functions of the cluster level response rate R i+ /m i , with the functions depending, in slightly different ways, on h(·) and β. Compared to the random effects approach, the conditional logistic approach has the advantage that it does not depend on assumptions about the distribution of u i nor about the relation of u i to x ij . On the other hand, it does depend on the assumption that h(·) is the inverse logit function in order that (6) holds and is free of u i . Since we have assumed that sampling and nonresponse are unconfounded, we have not incorporated design weights in either the expression in (6) or the construction ofβ CML 
Bias Properties of Weighted Estimators
We now consider how well the four weighting approaches described in the previous section correct for the bias arising from nonresponse which is either missing at random or cluster-specific nonignorable. This bias is approximated in an asymptotic framework, where increasing values of n, the number of sampled clusters, index a sequence of finite populations and samples (8, sect.
1.3), such that the population size N 0 also increases but the cluster sample sizes, m i , may remain small. We ignore stratification for simplicity but note that, in practice, the sampling of clusters is usually stratified and it may be more appropriate to assume that the number of strata increases, with the numbers of clusters within each stratum remaining small and fixed.
We suppose that under the asymptotic framework, is missing at random, it will also be when it is cluster-specific nonignorable and thus we do not present a bias expression for that case.
Theorem 1 Under conditions given below expression (11) ,
When nonresponse is missing at random,
where E p and E ξ denote expectation under the sampling design and the model, respectively.
When nonresponse is cluster-specific nonignorable and model (5) holds,
When nonresponse is missing at random and model (5) holds,
When nonreponse is either missing at random or cluster-specific nonignorable and when model (5) need not necessarily hold,
The expressions in (7) Expressions (8)- (11) follow by direct evaluation. For illustration, the key result (11) is obtained by noting that when nonresponse is cluster-specific nonignorable we have
Hence, the proposed weighting approach results in removal of bias forT CML y when nonresponse is cluster-specific nonignorable or is missing at random.
By comparison, we see from expressions (8) and (9) thatT M y is unbiased only when nonresponse is missing at random. When nonresponse is clusterspecific nonignorable, response propensity weighting may lead to bias. This is not surprising since this weighting approach makes no attempt to control for clustering. The bias expression in (9) will generally be non-zero when
unity. As the m i increase, theũ RE i will approach u i and E ξ {h(x ij β RE + u RE i )} will approach 1. But for small m i this will not generally be the case. The problem is that, when m i is small, there may be correlation between R ij andũ RE i , which depends on R i1 , . . . , R im i , conditional on u i . Assuming again that h(·) is increasing, we may expect that h(x ij β +ũ RE I ) and R ij are negatively correlated, conditional on u i , suggesting that the biasing effect when nonresponse is missing at random will be to shrinkT RE y towards zero.
Even if nonresponse does not depend on x ij , so that β RE = 0, we may still have bias, unless τ 2 is also zero.
Our discussion in this section has so far related to the basic weighted estimatorT y . We now consider parallel results to those in Theorem 1 for the regression estimatorT y,reg in (2). It follows, by analogy to (8) and (9) that
whether nonresponse is missing at random or cluster-specific nonignorable.
Hence the bias properties ofT M y,reg follow those ofT M y , that is these estimators are both approximately unbiased when nonresponse is missing at random but are subject to potential bias (as in (9)) when it is cluster-specific nonignor-able. Turning toT RE y,reg , we note that, analogous to (10) we have:
Under the assumption that sampling is noninformative, we haveλ = λ + o p (1) under model (5) and it follows that, in the limit,T RE y,reg is approximately unbiased when nonresponse is missing at random, unlikeT RE y . This depends on the truth of (5), unlike the approximate unbiasedness ofT CML y . When nonresponse is cluster-specific nonignorable,T RE y,reg will be subject to potential bias likeT RE y . Its approximate form, analogous to (10), is:
Finally, we note that the large sample bias ofT CML y,reg follows that ofT CML y , with both being zero when nonresponse is cluster-specific nonignorable or missing at random.
Variance Estimation
In this section we outline an approach to estimating the variance of the proposed estimatorT CML y . We adopt a linearization approach in which a linearized variable z ij is determined, such that the variance ofT CML y may be approximated by the variance of s z ij (21). The variance estimator may then be constructed following a standard survey sampling approach for linear statistics. In order to construct z ij we first recall from §3 that we may write the conditional logistic weight as a function ofβ CML
1
. As a first order Taylor expansion we have
where I(β 1 ) is the information matrix (cf. 7):
}.
Substituting (13) in (12) , we obtain the linearized variable as
In order to construct a variance estimator it is necessary to replace β RE for the case when the weightq M ij is used and there is no clustering. One commonly used estimator of the variance of a linear statistic, in the case of stratified selection of clusters, is given by
z i+ , and s h denotes the set of n h clusters drawn in stratum h for h = 1, . . . , H and it is assumed that n h ≥ 2 for each h. This effectively assumes that the z i+ may be treated as independent and identically distributed within strata, which may be a reasonable approximation for many sampling schemes where clusters are selected as primary sampling units and the fraction of primary sampling units selected in each stratum is small and when nonresponse is independent between clusters. A practical advantage of this approach is that it allows for clustered nonresponse as well as complex forms of sampling within clusters.
Simulation Study
A small simulation study is now undertaken to illustrate the properties of the Both choices of (β 0 , β 1 ) generate an overall response rate of about 70%.
We drew 1000 samples using (a) simple random cluster sampling with n = 50, Simulation results are presented in Tables 1 and 2 for these four missing data mechanisms, for the four weighting approaches in §3 and for the two choices of (n, m i ) above. The relative bias reported in the tables is the mean of the estimated total across the 1000 replications less the true finite (8) and (9) . Since the value, 0.5, of the intra-cluster correlation implied by δ = 5 is fairly large, we repeated the simulations with δ = 1, implying an intra-cluster correlation of 0.07, and found the bias ofT M y to be reduced but still clearly the worst of all .0 6.6 Parentheses surround estimates which are within two simulation standard errors of 0. SE, standard error; RMSE, root mean squared error; MCAR, missing completely at random; MAR, missing at random; CSNI, cluster-specific nonignorable; CML, conditional maximum likelihood. 6 Parentheses surround estimates which are within two simulation standard errors of 0. SE, standard error; RMSE, root mean squared error; MCAR, missing completely at random; MAR, missing at random; CSNI, cluster-specific nonignorable; CML, conditional maximum likelihood.
estimators. As anticipated in §4, there is evidence of negative bias inT RE y under mechanisms (i) and (ii), when δ = 0. As δ increases we found the bias ofT RE y to shift in the direction towards that ofT M y . For δ = 1 we found it still negative. For missing data mechanisms (iii) and (iv) with δ = 5 we see in Tables 1 and 2 Tables 1 and 2 in all cases. There is some evidence in these tables that the variance ofT CML Tables 1   and 2 seem to be associated with greater variability in the weightsq CML ij than theq M ij orq RE ij . These weights are truncated below by unity and it is the very large weights that are of potential concern. Comparison of the weights resulting from the use ofβ CML versus its true value suggests that the estimation of β is not a major source of the weight variability in the simulation study.
Large weightsq CML ij arise primarily when one of the conditional probabilities of response in (6) is small. This may be partly because the response rate in the cluster is low, perhaps by chance, which will also lead to a larger value ofq FE ij , and partly because an outlying value of x ij , with x ij β unusually low, is included in the sample of m i units and that unit responds.
We now turn to results on the regression estimatorT y,reg in Table 3 .
Results forT M y,reg were almost identical to those forT M y , as anticipated for bias in §4, and are thus not included in the Tables 1 and 2 seems to disappear once regression estimation is used. Table 3 shows how the bias ofT RE under the first two missing data mechanisms is removed by regression estimation, as anticipated in §4. However,T RE y,reg remains biased under the cluster-specific nonignorable mechanisms. As expected, regression estimation does lead to some reduction in variance. As in Tables 1 and 2,T RE y,reg does show some slight variance gains relative toT CML y,reg but this is more than offset by bias and the root mean squared error ofT CML y,reg is in no cases greater than that ofT RE y,reg . Finally we present in Table 4 some results on the estimation of the variance ofT CML y for the case of cluster sampling. We consider two versions of the variance estimator in (15) . Both include a finite population correction (1 − n/N ). Estimator (i) includes only the first term from (14) and so treats the weightq CML ij as fixed. Estimator (ii) includes both terms in (14) and so allows for variation inβ CML Tables 1 and 2 . Estimator (ii) does display significant if relatively modest bias in three out of four cases. This may be attributed to the small between-cluster degrees of freedom. Estimator (i) has larger root mean squared error than estimator (ii) in each case, but is always conservative and this may be attractive in some applications, especially since this estimator is simpler to compute.
Extension to Observational Studies with Clustered Treatment Assignment
The use of the conditional maximum likelihood estimator to correct for largesample bias may be extended to treatment effect estimation in observational studies with clustered treatment assignment . Suppose that a ij denotes a 0-1 treatment assignment variable which is subject to clustering and obeys model (3) with R ij replaced by a ij , where u i is the random effect term. Let y ij = (y 0ij , y 1ij ) denote the potential outcomes under either treatment (16) .
and define the conditional propensity score as e ij = pr(a ij = 1 | a i+ , x i ), where a i+ = j a ij . Just as in (6), e ij is free of u i and observable, subject to parameter estimation. Let e i = (e i1 , . . . , e im i ) T . The treatment assignment assumption corresponding to cluster-specific nonignorable nonresponse is that a i and y i are conditionally independent given u i and x i . We might refer to this as cluster specific nonignorable treatment assignment. Then we may show, corresponding to Theorem 3 of (author?) [16] , that a i and y i are conditionally independent given e i . This enables treatment effects to be estimated consistently under cluster-specific nonignorable treatment assignment using the conditional propensity score in an analogous way to the use of standard propensity scores. This will be of most interest when the potential outcomes also display clustering and have associated random effects which are correlated with u i conditional on x i .
Discussion
We have shown, theoretically and with simulation evidence, that an attempt to allow for clustered response via the introduction of predicted random effects into the estimated probability of response can induce negative relative bias in the inverse probability weighted estimator when nonresponse is missing at random and the cluster sizes are not large. In our simulation study we found a negative relative bias of about 2% for cluster sizes of between 5 and 20, declining to about 1% as these sizes increased to 50. In such cir-cumstances, if the missing at random assumption is plausible, it seems safer to employ simple response propensity weights based upon a marginal model for response. If nonresponse is cluster-specific nonignorable but not missing at random then the latter approach may be subject to bias. We found the relative bias could be as high as 10% with high intra-cluster correlations in both the survey variable and the nonresponse process. With a more modest intra-cluster correlation of about 0.01 in the survey variable, we found this bias reduced to about 2%. The proposed conditional maximum likelihood approach removes this bias, when the number of sampled clusters is large even if the cluster sizes are small. We have also shown in §7 how this conditional maximum likelihood approach might be extended to the estimation of treatment effects in observational studies.
In addition to its bias correction advantage, the conditional maximum likelihood approach is not dependent on the assumption that the u i term in (3) is Gaussian, nor that it is independent of x ij . There are, however, potential disadvantages to the conditional maximum likelihood approach. It depends on the logistic form of the model in (3). It becomes increasingly computationally intensive as the sizes of the sets B 1ij and B 2i grow. And, as we observed in the simulation study, it can lead to more variable weights and lower efficiency.
Efficiency considerations need not be overriding. There is considerable interest among survey researchers in methods which may help detect or correct for bias when sample sizes are large. Moreover, the efficiency of the simple estimator in (1) may be expected to be improved by the use of the regression estimator in (2) . The improvement will depend on how well x ij predicts y ij .
The regression estimator also has the double robustness benefit, mentioned in the introduction, that consistency may be achievable when nonresponse is missing at random even if the nonresponse model is misspecified, provided the model for the survey variable in (5) In the simulation study we observed that the fixed effects estimator performed similarly to the conditional maximum likelihood estimator and it may be that in practice it will often provide a reasonable proxy to this estimator,
while not requiring such strong model assumptions nor so much computation.
